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This paper attempts to place on a firm basis certain expressions
for effects in elastic and total cross sections caused by—and in the
neighborhood of—a reaction threshold. Explicit expressions are
derived for the analytic behavior of the collision matrix near a
reaction threshold. These expressions are based on the R-matrix
theory of nuclear reactions and extend slightly work by Wigner
and by Breit on threshold effects. The expressions are quite
general, allowing for the presence of compound resonances.
Both the channel matrix and the level matrix formulations of
R-matrix theory are used. The former turns out to be convenient
for formulating the general expressions of the collision matrix
and the cross sections. The latter is more convenient for perform-
ing energy averages.

It is shown that certain formulas for energy-averaged total

I. INTRODUCTION

N a previous paper! we had examined threshold
effects in elastic scattering under the assumption
that the energy-averaged diagonal component of the
collision matrix is equal to the optical-model collision
matrix. This is, of course, the basic assumption of the
optical model? and implies that the energy-averaged
diagonal component of the collision matrix (and hence
the energy-averaged total cross section) will not show
any particular discontinuities at reaction thresholds. In
I we made it plausible that threshold effects in energy-
averaged cross sections, usually called compound com-
petition effects, can be deduced by properly energy
averaging the Wigner cusps,® which are expected to
occur in cross sections near reaction thresholds. There-
fore, it appeared that there is no essential difference
between compound competition effects and Wigner
cusps. It should be noted, though, that compound com-
petition effects can be derived solely from the unitarity
of the collision matrix whereas Wigner cusps require in
addition an analytic continuation of the collision matrix
across reaction thresholds. Extending slightly Wigner’s
work? and an investigation of Breit,* we shall show that
on the basis of R-matrix theory such analytic continua-
tion always exists, even in the presence of many narrow
and possibly overlapping resonances. This means that in
derivations of threshold effectsthere is no need to require
that certain phase shifts vary slowly with energy in the
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and elastic cross sections, which were made plausible in a previous
paper by the author, follow from the above-mentioned general
expressions by performing suitable energy averages. Consequences
of the random-sign approximation of the ‘“value quantities” v
and of a partial breakdown of this assumption are examined
and related to the assumptions of the optical model. It is shown
that under the assumption of random signs, the total cross section
should show no threshold effects, whereas if this assumption is
relaxed threshold effects appear. Hence it is, in principle, possible
to decide by experiment which situation obtains. Finally, cross-
section threshold effects under the single-level approximation
are given; with a slight generalization of the phase shift, these are
identical to expressions derived by Baz and by Newton.

cusp region, as is usually assumed,*7 explicitly or im-
plicitly.

By taking energy averages of the general cross-section
expressions, subject to the implicit assumption of ran-
dom signs® of the value quantities v». introduced by
Wigner and Eisenbud,® we shall show that the optical-
model assumptions and compound competition effects
in cross sections are obtained near threshold.!

This derivation leans heavily on work of Thomas.? If
the random sign assumption is relaxed for distant reso-
nances,'®!  which represents a direct interaction
mechanism, threshold effects are found to occur in the
total cross section contrary to the usual optical-model
assumption. Finally, if the one-level approximation for
the R matrix is made,'? we obtain formulas for the
threshold effects in cross sections similar to those of
others,7 with the exception that the relevant phase
shift is allowed to vary with the energy of the incident
particle.

As in I, we restrict ourselves to the situation where
the reaction threshold is the one of lowest energy. This
does not represent any fundamental limitation, but
simplifies the presentations. From the same point of
view, we shall discuss only the case of one entering
channel (called s) and one channel (called ¢) which will
be emergent above threshold. All other channels of the
problem will then be negative energy channels and can
be eliminated by use of the reduced R matrix of Wigner
and Teichmann. The more useful case of two entering
channels can be treated by a similar method and yields

5 A. 1. Baz, Soviet Phys.—JETP 6, 709 (1959).

5 R. G. Newton, Phys. Rev. 114, 1611 (1959).

7 L. Fonda, Nuovo Cimento 20, 116 (1961).

8 R. G. Thomas, Phys. Rev. 97, 224 (1955).

® E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947).

WA. M. Lane and R. G. Thomas, Rev. Mod. Phys. 30, 257
(1958). Since this review article is rather extensive we shall, for
the convenience of the reader, give references to particular equa-
tions or sections of the article.

11 Reference 10, Sec. XI, 6.

12 Reference 10, Sec. XIT, 1.
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THRESHOLD EFFECTS

the somewhat more complicated cross-section expres-
sions given in I for target spin zero and bombarding-
particle spin one-half. For simplification, also, we shall
discuss only integrated cross sections. Expressions for
the differential cross sections follow immediately from
reference 5 or the treatment in I, once the threshold
effect in the collision matrix is known.!?

II. PRELIMINARIES
A. Definitions and Posing of Problem

We shall follow, as much as possible, the notations
and definitions of Lane and Thomas.!* Whenever the
clarity of presentation is not impaired we do not repeat
any derivation given there.

The running index for channel quantities will be ¢ or ¢/
and for level quantities A, g, or ». All cross sections will
be expressed in units of 7A,%g,, where &, is the reduced
De Broglie wavelength in the entering channel and g, is
a statistical factor.!* For the case of spin-zero target and
bombarding particle, g,=2/,+1. As in I we assume that
the threshold effect occurs only in one entering partial
wave (called /, here). Hence it will be sufficient for us
to consider only the partial wave cross sections in terms
of the components of the collision matrix.!®

Integrated elastic cross section:

Tae= 1= U, (1)
Reaction cross section (s — ¢):
o= |Ug|2=1— U2, (2)
Total cross section (for s):
os=2(1—RelU,,). 3)

We omit any superscript designation /, on the partial
cross sections and the collision matrix components,
since “channel s”” implies here that the orbital angular
momentum has the value /,.

For calculation of the threshold effect we shall find
it convenient to introduce the modified collision matrix
W, which is related'® to U by

U=QWq. (4)
Q is a diagonal matrix with components!?
Qe=ei¢c, Pe=wc— ¢y, (5)

where w, is a Coulomb phase shift!® and ¢. the so-called
hard-sphere phase shift. There are several equivalent
relationships between W and the R matrix; the most

13 Certain aspects in Secs. II to V of the present paper have been
discussed by R. H. Capps and W. G. Holladay, Phys. Rev. 99,
931 (1955), Appendix B; R. K. Adair, Phys. Rev. 111, 632 (1958);
A. N. Baz and L. B. Okun, Soviet Phys.—JETP 8, 526 (1959);
J. Sucher, G. A. Snow, and T. B. Day, Phys. Rev. 122, 1645 (1961).

14 Reference 10, Sec. VIII, 3.

15 Reference 10, Chap. VI.

16 Reference 10, Sec. VII, 1.

17 Reference 10, Sec. III, 4.

18 Reference 10, Sec. III, 2.
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convenient for us is'é:1°
W=1—2iPq+2iP2q(q—R)~P12q. ©)

q is a diagonal matrix which is the inverse of the effec-
tive logarithmic derivative!® L°:

q=(L0)-1, Lo=S4iP, S'=S—B, (1)

where all matrices are diagonal. .S, is the shift factor,
P, the penetration factor,'” and B. is an energy-inde-
pendent boundary value quantity,? which often allows
the effective shift function S° to be set equal to zero.
S¢, P., and B, are real by definition.

As mentioned in footnote 16 of I, it follows from
Eq. (2) that for the entering (c.m.) energy E, above the
threshold energy En:

U, Zetie(1—1ay,),

Es> Ethn (8)

where the approximate sign implies that ¢,,<<1. The
questions which were not considered in I, and which
we shall answer below, are:

(1) What exactly is the phase shift §, in Eq. (8)?
(2) How is expression (8) to be continued analytically
for E;< Ewy?

Once these questions have been answered, simple sub-
stitutions in Egs. (1) and (3) give the desired threshold
effects in the cross sections.

B. Logarithmic Derivative

Since the logarithmic derivative!” L,=S.4iP,, plays
an important role in the subsequent development, we
wish to give its limiting values?! in the absence of Cou-
lomb effects for low and high channel energies E.. These
values are expressed in terms of the quantity p. (here
defined to be valid for positive and negative E., denoted
by superscripts + and — below)

pe=Fa, wWhere E.=(2M./h?)!2|E,|V? ©)

and a. is the channel radius. M. is the reduced mass in
channel c.

The s-wave case is of particular importance and
requires special consideration.

l.=0, all p,:

Sc+=07 Pc+=Pc, Sc_=_pc; (10)

19 This expression corrects two misprints in reference 10, Eq.
VII (1.6b). It is completely equivalent to similar equations in
references 3 and 4, as can be seen by noting that 1—2/Pq=q/q*
and by letting the quantities e defined in these references be
proportional to QP2q,

% Reference 10, Sec. V, 2.

7 For the evaluation of Egs. (10) and (12) we used expressions
for S, and P, given by J. E. Monahan, L. C. Biedenharn, and
J. P. Schiffer, Argonne National Laboratorv Report ANL-5846,
1958 (unpublished).
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1740, p<L1:
St —1+4p2/(2.—1), (11a)
P2t 1,1/(21.1) Jp 2, (11b)

S=—1,—p2/(2l.—1)

—(=2) 1.1/ (21.))Jp+1;  (11c)

1.0, p>1:
Ser=3l(le+1)/pc?, (12a)
P=p,, (12b)
Sc=—op.. (12¢)

In all cases P.~=0. In expression (11c) we have indi-
cated that the lowest power of p. is always p.?, but the
lowest odd power (which gives rise to cusps in deriva-
tives of the cross sections?) is p 2t

C. Reduced R Matrix for Two Channels

Since the threshold under consideration is the one of
lowest energy, all channels besides s and ¢ will have
negative energy near E;= E,, and the reduced R matrix
is real.?? The relation between the reduced R matrix
and the collision matrix is still given by Egs. (4) and (6)
and in addition W is unitary since the reduced R matrix
is real.?

Although for the general demonstration of analytic
continuity of Eq. (8) we do not require that the reduced
R matrix be real, it turns out that a real matrix is more
convenient later on and we need the form of this
matrix? for later work:

msc=2)\,‘ 'Y)\s'ch(A))\uy (13)

where, as long as E, is below the energy of the second
lowest reaction threshold,

A= (Ex—E,)on—

c=sori,

Z Sc'O“'YM"YAw’-
c’#s,t

(14)
From Eq. (7) we see that S.° could be set equal to
zero at any energy, making the reduced R matrix equal
to the ordinary R matrix.

A better approximation for an extended energy range
is to expand A about its diagonal components in in-
creasing powers of its off diagonal components. Two
approximations to 9,. are then available. Near any
given energy E, one can choose B very close to S~ so
that all the off diagonal elements, which are proportional
to S (=S.~— B.), become negligibly small compared
to the diagonal components. In this case??

PR3 Yasmre/ (Ext+0m—E,), (15a)

where

An=— 2 Se¥ 7ot
s, t

2 Reference 10, Sec. X, 2
2 Reference 10, Sec. X, 1
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is the level shift of the negative-energy channels. If one
assumes that it is valid to expand S.* linearly about
the energy E,, Eq. (15a) can be brought into the form?*

much)\ 'Y)\sO'Y)\cO/(E)\_ES)v (15b)
where

7)\00':7)\0[:1_*_ Z (dSc'O_/dEs)’YXc’z:l—lm-

c/#s,t

(16)

A second approximation to Eq. (13) was obtained by
Thomas8 under the assumption of random signs of the
quantities yx.. In this case it can be argued® that
Eq. (15a) is a valid approximation to $;. in any energy
region (below the second lowest reaction threshold), as
long as the partial level widths for the channels ¢'#s, ¢
are less than the spacings of the levels. The important
point is, though, that there are no restrictions on the
partial width to spacing ratios for the channels s and ¢.

III. CHANNEL MATRIX FORMULATION
OF THRESHOLD EFFECTS

Analytic Continuation of U,, Below Ey,

With the use of the reduced R matrix, W [Eq. (6)]
becomes 2X2 matrix; the only minor problem is the
inversion of the matrix q—%R which yields

(q;—?)?u)/d msl/d )) (17)
Rse/d (gs—NRss)/d

dz(qs_mu)((h_mtt)_msﬁa (18)

since R is symmetric.?® From this we get expressions
similar to those given?* in reference 10,

Woe=1—2iP.qs+2iPq.2(q:—NR:)/d, (19)
W 1= 2i(PoP)V2q.qR i/ d. (20)

By setting B,=I;, we see from expressions (10), (11),
and (7) that ¢;—» as E,— Eu,, i.e. p— 0. Hence
we can expand Egs. (19) and (20) in a manner proposed
by Wigner? and by Breit,* keeping only the lowest
negative power of ¢, (or lowest positive power of L.°).
After a little algebra we find

ZiPsqgiRst ZiPsQIsttz
T
Qs—g}tu (Qa'—‘ms&)?

(a3~

where

Wis=1+

1 9%362
(s )
qz—%u (qs—ERss)(tJr—%z)?

q:qzmst
(q:z—mu) (q:"ERtt)

2
x(1+ e )
(Qs_mss)(qt_m“)

2 Reference 10, Sec. X, 3.

W s=2i(P,Py)V/?
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In each case we have kept the next higher order terms
to show what will be neglected. If we consider an energy
region where ¢->>Ru, Rar, we finally obtain

ZiPs%u ziLzOPaS.Rat?
W1+ +
1_L30$Rss (1-L80§R!8)2
I*Lso*mas/ 2iLz°Pa9?s¢2
= 1+
l—LaOmu \ l 1—L30§.Rsal 2
W”EZi(PJ’t)”%{s?Rst/(Qs—SRu),
; Wsl| 2241)31)!%3:2/) I—Lsomssl 2!

(21a)

), (21b)

(22)

where we have made use of expressions (7).

Before proceeding we must show that the same ex-
pressions are obtained even if .., sz, and R« become
infinitely large, as they would if E, approaches any
resonance energy Ey [see Eq. (15b)]. Let us assume,
then, that E, is very close to one particular resonance
energy F) so that

mscg')/)\so'ykco/(E)\'—Es)-
Substitution in Eq. (18) gives
d22¢.qi— [g:(v2)*+ 0722 2]/ (Ex—vs)

and from (19) we obtain

(23)
(24)

2iPogsqd12s)?
9u9:(Ex—Eo)— ()2 — gi(mae)?
Expanding for large ¢, and using Eq. (7)
2iPs(y")?
Ex—E;— L (\s°)?
20LL P o(as®) 2 (1ne)?
[Ex—E—Ln)?)

I’V"E 1 %

(25)

which is identical to Eq. (21a) under the assumption
(23). In a similar way, it is easily shown that with the
assumption (23)

] stt{ 2§4P5Pt('y)\30)2(7>\t0)2/ ] E)\_Es_LaO('Y)\aO)2i 2 (26)

to lowest order in P, or L,®. This is identical to Eq. (22)
under the condition (23).

Hence, independently how close the energy E, is to
any resonance energy E,, the same relationship is ob-
tained between W,, and |W |2, which from Egs. (21b)
and (22) [or Egs. (25) and (26)] is

I_Lao*mu iLtO l W!t‘ 2
i P LU
1— LsOSRu Pt+ 2
The superscript + on P;t emphasizes that | W ,|? exists

only for positive energies E,. Nevertheless, if we express
L and P+ as functions of the absolute quantity p, de-

(27)
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fined by Eq. (9), the relationship (27) is valid both
above and below the threshold energy for channel :.
Hence it provides the desired analytic continuation for
W s below threshold. As implied already by Wigner,?
this continuation hinges on the analytic properties of
L%, which can be recognized in Egs. (10) and (11). All
that is needed, is to substitute in L%, p; — ip, in going
from E,> E; to E,<E:.?® The approximate sign in
Eq. (27) implies only that all quantities have been
expanded to lowest order in L,° or P+,

By defining a phase angle §, through

(1= L%*R,,)/(1— LOR,) = e2ilsmeo), (28)

we recognize that Eq. (27) is practically equivalent to
Eq. (8), recalling Eq. (5) and o,=|W,|? as can be
seen from Eq. (2). Equation (27) therefore will give the
analytically continuable form of U,, in the neighbor-
hood of Ein:, which we set out to find. From Egs. (10)
and (11a) we find, setting B,=1, [see Eq. (7)]

for 1,=0:
/11
br“= 62154(1_._0-”{ )’
2 1

p g,

U“=62i5,( i
20eH /(200228 —1)

X{—ll -ga"{i(—ll)u)' (29)

Following Newton® the upper line after each curly
bracket refers to E,> Ein:, the lower line to E,< Eqy:;
this convention will be used throughout the rest of this
paper. We see from Egs. (28) and (29) that if &, is
defined as that part of the phase of U,, which is com-
pletely independent of p;, Eq. (8) is not quite correct.
On the other hand, the second term in the bracket of
Eq. (29b) does not give rise to any discontinuity at
Ein: in any cross section or its derivatives? since
Eqgs. (11b) and (22) show that this term is proportional
to p;? independent of /;. Hence one can absorb this term
in the phase §,, if one wishes, and this was done in
I Eqgs. (21) to (23) and I Eq. (32), the last of which was
taken from the work of Baz.

In the rest of this paper we shall use the definition
(28) of the phase &,, thus eliminating all threshold
effects from it.

(29a)
for 1,50:

IV. LEVEL MATRIX FORMULATION OF
THRESHOLD EFFECTS

The channel matrix approach of the previous section
gives a very clear derivation for the form of U,, near
Esr, but expression (27) does not lend itself readily to

% This is sufficient if there are no Coulomb effects in the out-
going channel. For the case which includes Coulomb effects see
reference 10, Appendix a.
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making energy averages in cross sections. For the latter
purpose we derive a more suitable expression of W.,,,
which is shown to be completely equivalent to Eq. (27)
in Appendix A.

The level matrix expression for W is?® (for positive
energy channels)

W=1+ 2iP1/2[ZM(T>\qu)A )‘“]PIIZ, (30a)
where
(A XYW e =TAVuer

and

(A_l))\u: (EX—Es)ls)p“ (Z Lco')’)\c')’uc) - LtO'YM‘Yul- (313')
ot

Equation (30a) results from the inversion of the
expression (1—RL% which essentially appears?? in
Eq. (6):

(A=RLY=14+Tn X (L) dx.  (32a)

Equivalently one can start with the reduced R matrix
expression (15b) and set

A-RL) =1+ "X (L)W (32b)
Equations (30a) and (31a) are then changed to

W=1+42iPV2> ", 120X v, Un, P2, (30b)

A= (Ex— Eo)onu— L1y’ — LPalyut®. (31D)

In Egs. (31) we have separated out the term propor-
tional to L., since we want to expand 2, in powers of
L) keeping only the lowest powers. For this purpose
we define a matrix M with components

M= (Ex—Eo)dnu— L0’ (33a)
and a matrix G with components
Gru=1rYue. (34)

We wish to mention in passing that if one starts with
the form (15a) for the reduced R matrix, the definition
of the appropirate M), would change to

(EX+A7\)““E3) O La"yaevru (33b)

and in Eq. (34) the superscript zero would be left off.
With these definitions
A=M-"14L M'GM!

+(LOMIGMIGM -+, (35)

where we show one more power of L,° than we will keep.
It follows from Eq. (30b) that to lowest order in
Lgo or Pz
Wssgl-l-zipl Zku 'YXJO’Y“JO(M_I))\;A

+2iLt0Pl Z)\u 'Y)\ao'y‘zso(M—lGM_l))‘w (36)
[ W ot 24P, Pe| X, Yaaty (M| 2 (37)
As shown in Appendix A, Eq. (36) can be identified
term by term with Eq. (21a) and Eq. (37) is equivalent

26 Reference 10, Sec. IX, 1.
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to Eq. (22) so that expression (27) can be obtained
once more.

V. GENERAL EXPRESSIONS FOR THRESHOLD
EFFECT IN CROSS SECTIONS

It is convenient to break up expressions (21a) or (36)
into two terms as follows, recalling Eqs. (27) and (28)

W"0= (1_L30*ERM)/(1 - L“OER") (38&)
= 1+2iPa E)\p ‘YXSO’YMSO(M_I))\M (38b>
= g2iBs—gs) (38c)

AW o= 2L PR, 2/ (1— LOR,,)* (39a)
= ZiLtOPs an 'Y)\so‘Ypao(M_lGM_l))\u (Sgb)
= GLO/P )G W] 2e2iemen, (39¢)

If we write
Use= (W o0+ AW, )i (40)

and set for either the partial elastic scattering or partial
total cross section [Eqgs. (1) and (3)]

a=0%4Ac, (41)

we shall call the threshold effect Ao that part of which
is proportional to AW,, (i.e., L) and ignore higher
powers of AW ,,. ¢° will then be that part of the partial
cross section which is unaffected by the threshold. It
follows immediately from Egs. (38) to (40) and (1) to (3)
that for the partial elastic scattering cross section

(Tuoz [ 1_W“082i4psl 2=4? Sin2631 (42)
Agge=—2 Re[(l - Waso*e-ﬂw)AHYNeQWs] (433.)

= Re[zAWsae2i¢a_ (iLto/Pt+)ast] (43b)
=— RC[(C:"M"‘“ 1)(iL;0/Pz+)]Uat (43(:)
2 sin?s,,.
= st) . 43
Tet sin24, (43d)

The last equation is valid only for /,=0 and no
Columb effect in channel ¢ and corresponds to I Eq. (22).
It is amusing to note that for E,> Ein:, A0se/04s°
= —104. For the partial total cross section one finds

0s0= 2[1~R6(W“082i¢’a)]=4 Sinzaazduoy (44)
Ac,= —2 Re(AW %) (45a)
= —Re[e®5(iLS/Pi*) Jou (45b)
€082,
=0y . . (45¢)
—sin24,

The last equation again is valid only for /,=0 and no
Coulomb effect in channel ¢ and corresponds to I Eq.
(23). The result (44) is obvious since all reaction effects
have been eliminated from ¢,,% and ¢,°. We should recall
that in Egs. (43) and (45) o,; is meant to be a function
of the absolute quantity p, defined in Eq. (9).
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V1. THRESHOLD EFFECTS IN ENERGY-AVERAGED
CROSS SECTIONS

A. Energy Average with Random Sign
Approximation for +)

In I it was stated without general proof that under
the assumption of many resonances in the energy-
averaging interval one could expect

"‘2(0'" Sin263>av — st
<A0'xs>avE [ = { ’ I= <x>av (46)
— {05t SIN28,)ay 0
and
(05 COS284)av 0
<A°'s>avE ’ = {0 ) (47)

- <0'at sin26,>m

where ( )sv implies an energy average over an interval
I containing many resonances, and in our notation is
equivalent to a bar over the symbol. &,,° and #,° would
obviously show no threshold effect, since all threshold
cffects have been eliminated from &, by the definition
(28). The right-hand sides of Egs. (46) and (47) were
shown in I to follow very simply from the optical-model
assumption? that the optical-model quantity (U.)
should be equal to the energy-averaged Ul,..

From Egs. (43b) and (45a) it is apparent that if one
can prove (AW ,,)sw=0, Egs. (46) and (47) follow im-
mediately. It should be stated here that, as is custom-
ary,®2” we assume that the channel quantities S, P, and
@ are practically constant in the energy interval I over
which averages are taken. We shall prove that
(AW 45)ay=0 if the signs of ¥, are random, by using the
following remarks by Thomas.® Since all the poles of

Imé

I
VNN R :E
Xox g Xy X X Xy XXX Xx ¢ ELEy)

Eg LY

Ex

F1c. 1. Schematic presentation of contour used to evaluate
(AW +s)av averaged over I. Since the poles ( X) of U,, are located
in the lower half of the complex & plane, (AW ,,)av averaged over
I will be equal to (AW ,,)av averaged over I’, since the contribu-
tions from the sides of the contour cancel. Also indicated on this
figure are the symbols used to evaluate expression (51) by means
of expression (52). It should be noted that the upper half of the
complex energy plane shown is on the first Riemann sheet and
the lower half on the second Riemann sheet [J. D. Walecka
(private communication)].

27 Reference 10, Chap. XI.
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U.. are situated in the lower half of the complex
energy plane, with the exception of those on the real
axis associated with bound states, any path of integra-
tion involving U, may be displaced, without crossing
poles, upwards in the energy plane, as shown in Fig. 1.
According to Thomas,? if the averaging interval, called
I, contains many resonances it may be presumed that
the contributions from the connecting sides of the
contour effectively cancel.?® These statements apply
also to W, or to any part of it, in particular to AW .
Hence we can write, using the symbols shown in Fig. 1,

<AW>av inI= (AWsa>nv inI"= Awyn(g)) (48)
where

E=E,+ie. (49)

The last equality in Eq. (48) results from the assump-
tion that if e is sufficiently large, AW ,,(&) will be a
smooth function of the energy. Using Egs. (15b) and
(392) we evaluate the expression of AW, in terms of
the reduced R matrix (note that s>%¢ in the summation):

AW 4s(8)=2iL,°P,
XZM' 'Yst‘Y)\tO‘Yx's"'Yx'eo/[:(Ex— 5)(Ex - 5)]
[:1“ onmn(é’)]? ’

Under the assumption of random and uncorrelated
signs of ), and v, the terms in the numerator with
A=\ can be expected to cancel out so that the only
terms left in the numerator are

Zx(7x30)2(7xz°)2/(E>\— 5)2-

By converting this expression into an integral we can
show that it is zero under reasonable conditions. Call
ex=E\—E, (see Fig. 1) and let n(e\) be the density of
poles per unit energy range ex. Expression (51) then
can be converted into an integral, which is zero if #(e»)
does not increase too rapidly as ex— «© in the complex
ex plane:

(50)

(51)

(A2 (1) Davii(er)der/ (ex—ie)2=0. (52)

-0

As long as E,>>e, the extension of the lower limit to
— oo is justified. This evaluation assumes that it is
permissible to group close-lying poles in such a way
that their average strength ((vas%)2(va:?)?)ay is a regular
function of the energy e\ and that their density per unit
energy n(ex) has a meaning. Since the energy e in
expression (51) can be made much larger than the level
spacing, these assumptions appear to be reasonable.
By a method similar to the one just used one can
show that the denominator of the right side of Eq. (50)
is not zero and therefore, under the assumption of

% We are indebted to Dr. P. A. Moldauer for drawing attention
to these remarks by Thomas.
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random signs of yas, Yac

(AW 40)av=0. (53)

Although this derivation is based on the special form
(15b) of the reduced R matrix, it is equally valid—and
more properly executed—for the form (15a), even
though the extension of the integral in Eq. (52) to +
requires the introduction of an imaginary width term®
in the denominator of expression (15a). This means
that the result (53) really depends on the random sign
approximation in two places, once in the form (15a) of
the reduced R matrix and once in the evaluation of the
numerator of Eq. (50).

The equality (48) depends on the effective cancella-
tion of the path integrals along the sides of the contour
shown in Fig. 1. Such a cancellation will occur only if
the “slowly varying” quantities, L, and L,° do not
vary appreciably in the interval I. For /,=0 the deriva-
tion is therefore not valid right up to threshold. This
point is discussed by Moldauer.?® It is of interest to
note that the proof of Eq. (53) is independent of the
width to spacing ratio of the resonances in channels
sand ¢

Having demonstrated that, under the random sign
assumption of the va,, (AW,.)aw=0, we see from
Eq. (38) that under the same conditions®

Wo=W, (54)
and, as mentioned before, Eqgs. (43b) and (45a) lead to
the “optical-model results” Egs. (46) and (47), respec-
tively. Indeed, Eq. (54) is essentially the basic assump-
tion of the optical model,?2 that the average of the
diagonal component of the collision matrix is a pure
entrance channel quantity which shows no discon-
tinuities at any reaction threshold.

For the purposes of Sec. B it is useful to rederive
Eq. (53) from the level matrix expression (39b), which,
recalling the definition (34), can be written

AW 3o=2¢LOP,
X 2 T Yty XM D) (M)

AN pp’

(55)

The random sign approximation assumes that the signs
of two v quantities for different channels are uncor-
related, but no statement can really be made about the
signs of two ¥ quantities for the same channel. Hence,
in taking the average of expression (55) under the
random sign approximation we are left with the follow-

® P. A. Moldauer, Phys. Rev. (to be published).

% Using the above argument of Thomas, which allows replacing
Res in Eq. (38) by (R.s) averaged over I’ when calculating W,,°
averaged over I, Moldauer has shown that W,'=[1—((r,)/4)]/
[14(7,)/4], where (r,)=4mP(v):?)/D, the average being taken
over the resonances A and D being the average level distance.
P. A. Moldauer (private communication) and reference 29.

MEYERHOF

ing terms:
(AW o0)ay=21L P,
X{< Z (7)30)27)\%07“’10(M—1)hk’(M_l)u’h>av

AN u’

+ < )% 'Y)so'YusO(‘)’)\’ 10)2(M—1) AN (M—I))\’u>av
‘HXZN aL(rn ) LM ) IDav) . (56)

The result that each one of the three average terms on
the right side of this expression is equal to zero hinges
on these facts:

(1) Any ofi-diagonal element of M~! can be repre-
sented by a convergent series of terms which are level
sums over products of quantities like

T2/ LEx— Es— L") ]=v:" en. (57a)

The convergence of this series is demonstrated in
Appendix B.
(2) If in a series of products of the kind

2 F(E)/[(e) (e)™(e)™ -],

Aup.--

(57b)

where F(E,) is a regular function of the energy E, and
I, m, n are integers greater or equal to unity, there are
ever any multiple poles (i.e., /, m, or n greater than
unity), then the average of such a sum is zero in any
energy interval which contains many resonances.3! One
should note that the poles of expressions (57) lie in the
same (lower) half of the complex energy plane. Also in
calculating the average of expression (57b) in any
energy interval I one can make the usual assumption
that

(Oawr® * * Jav in 1= (number of terms in I)

X/ <-dE,/I. (58)

(3) Every term in the three sums in Eq. (56) contains
at least one double pole. We illustrate this by noting
that, as shown in Appendix B, every term in the (con-
vergent) series expansion of (M~1)y (M), contains
the product

(L2 (rae)?rn sy 5%/ [(e)*(en) (€w) -

3t The proof of this is easily seen under the Thomas assumptions
previously used to arrive at Eq. (52) from the numerator of
Eq] (39a). Under those assumptions the average of expression
(57b) can be written (at any energy E,)

= nlendex [ n(e)de, [ n(e)de
F(E : . e
)] ol | Gmion | Cmiar
which is zero if any one of the exponent integers I, m, u, - - - is

greater than unity. This method of evaluating expression (57b),
with all exponents I, m, %, - - - equal to unity can be shown to lead
to the evaluation of W, given in footnote 30, starting from
Eqgs. (A6) and (B4), provided that (r,)/4<1. [See also sentence
preceding Eq. (52)].
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This proof of Eq. (53) again assumes that LS in
particular does not vary appreciably in the energy-
averaging interval I. If it does, the extension of the
integration in Eq. (58) to =« does not seem justified.
It should be noted again that this proof makes no
assumption about the width to spacing ratio for the
resonances in channels s and ¢ and that the proof could

have been done with the form (33b) for the elements
of M1,

B. Partial Breakdown of the Random
Sign Approximation

If there is a correlation of the signs of va., such a
correlation could take many different mathematical
forms. We wish to examine one form, proposed by Lane
and Thomas to take into account direct interaction
effects.’? They assumed that in the neighborhood of any
energy E, the diagonal elements of M~ give resonances
which locally have random signs of ., but that the
off-diagonal elements contribute a slowly varying func-
tion of E, which we call Z. In particular we write the
sums occurring in Egs. (37) and (38b) as follows:

2w Yu M= ane)2M )+ Zes,  (592)

Yo VM D=2 MM D)0+ 2, (59b)
and for completeness

2o MY (M )= ) M+ 2y, (59¢)

which would occur in W,. As Lane and Thomas
indicate,!! these expressions are expected to be valid in
any energy interval which is large compared to the
widths of compound resonance levels and small com-
pared to the width of single-particle resonances.

To calculate the resulting threshold effect in the
partial elastic and total cross sections we consider in
turn the following quantities. From Egs. (38b) and
(59a), we obtain by the method indicated in Eq. (58)
and using the fact that (M—1)m=1/M [see Eq. (33a)]

W o =142iP.[im{(v2:")?)/ D+ Z..]
=1—¥r )+ 2P Zss, (60)

where D is the average level separation and the sign ( )
implies an average over resonance levels N within the
energy interval I which is assumed to be very large
compared to P,(vxs*)? or D, whichever is larger. The
quantities 7 have been introduced by Moldauer®:32;
indeed Eq. (60) corresponds exactly to Eq. (12) in
reference 32.
From Egs. (37) to (39) and (59b) it follows that

AW oo=2iL P32 mas" M)+ 24 2,

where it should be emphasized that the square brackets
do not represent absolute value signs. After averaging

2 P. A. Moldauer, Phys. Rev. 123, 968 (1961). Since in this
reference the level shift was set equal to zero for all levels, no
superscript zero appears on the ).
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the square, term by term, under the same assumptions
that have been used to average Eq. (55), we find

<AWgs>av= ZiLtoPsttz- (61)

This result depends on the random sign approximation
which is expected to be valid in any finite energy
region. For a closer discussion of this point we refer to
reference 11.

For calculations of the threshold effects in the partial
elastic and total cross sections we use expressions (43b)
and (45a), respectively, as well as Eq. (61).

<A0'xx>:w = Re[(iL,"/Pﬁ‘) (4P2+Pngt2e2i‘P’— 6'”)]

4Pt+Ps|Zstl2C052(¢s+§')_5st (62)
| —4P#P Zy| 2 sin2(o0t)

where we have set
L= lZMIeif (63)

and assumed /,= 0. Other cases are easily obtained from
Egs. (11) and (7).

(Ads)av=—2 Re[2i(L®/ PT)P;*P.Z2ei%+ ]
4Pt+P.§ [ Zst] 2 C052(¢x+§)
B —4PtP,| 7|2 sin2(<pk+§)'

For completeness we also give an expression for &,
derived under the same assumptions as those leading
to Eqs. (60) and (61)

&8t=<7’t>+4pt+Ps|Zst12~ (65)

This corresponds to Eq. (38) of reference (32), except
that some of the fluctuation and interference terms have
been lumped into Z,; by means of Eq. (59b). Also terms
of second order in (7;) have been neglected, as is con-
sistent with the spirit of the present paper.

The important feature of Eqgs. (62) and (64) is that
they predict a cusp effect in the total cross section, as
the result of the assumption of partial breakdown of
the random signs of y».. This is contrary to the optical-
model assumption that W,, and hence the total cross
section do not show any discontinuity at thresholds.
[Obviously, Eq. (61) does predict a sharp discontinuity
if 7,=0.] In principle, it should be possible to decide
by experiment, whether Eq. (64) or Eq. (47) is valid in
any particular case and so to find out whether the
partial breakdown of the random sign assumption is a
good physical approximation. In practice, unfortunately
the total as well as other cross sections show fluctuations
due to the variations in the widths of the resonance
levels as well as the approximately random signs of
Yxc in any small energy interval?® and the search for a
cusp in the total cross section may be difficult. That an
expression for the differential elastic cross section
analogous to (46) appears to be valid for neutron inter-

(64)

#®T. Ericson, Phys. Rev. Letters 5, 430 (1960).
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actions with Cel4® was shown in I, which was based on
neutron cross-section measurements of Wells, Tucker,
and Meyerhof?+35 on Cel.

In I it was assumed that situations may exist in which
the phase 8, of U,, shows fluctuations with energy E,
around a finite mean value §, (slowly varying with E,)
in any energy interval containing many resonances:

8s= 0,1+ A8s, (A8,)ay=0. (66)

We will now show that this assumption is completely
equivalent to the aforementioned partial breakdown
of the random sign assumption for the yj.. On the other
hand, in I we showed already that the assumption

Uu= U;,‘*‘AUH, <AUu>av=0 (67)

leads to Egs. (46) and (47) which were derived assuming
completely random signs for the v.. It should be noted,
in comparing Eqgs. (66) and (67), that an energy average
of 8, (or Ad,) in not equivalent to an energy average
of U, (or AUs,).

Although it was not done so in I, we define §, by
means of Eq. (28), and using Egs. (27) and (4)
write

U= ezi&;[l.—. (iLgO/P¢+)%O'at]- (68)

Breaking up U,, as in Eq. (40) and using the expressions
corresponding to Egs. (43a) and (45a) we find with the
substitution (66)

(0s: COS2A8,)sv COS28,— G4t
<A0'sa>av= { - ) (69)
— (04t COS2A8,)ay SIN28,
(os¢ COS2A8,)av COS20,
(Aas>av= { - (70)
—{04; COS2A8, )y SIN20,

where we have put, as seems reasonable from Eq. (66),
(04t SIN2A8, )0y =0. (71)

The equivalence of Egs. (69) and (70) to Eqs. (62) and
(64), respectively, is easily proven by going back to
Eq. (39c) and averaging both sides over an energy
interval which contains many resonances. On the left
side of Eq. (39c) we substitute Eq. (61) and on the
right side Eq. (66):
, Z. z‘ 20238
=[((| W se|2 cos2A8s)avt1{| W se| 2 5in2A8,)av)/
(4P+P,) Jexieen,

Under the assumption (71) we find the desired result
AP P, Zt| 2= (| W] 2 cOS2A8, Y0y = (o; 0S2A8,)ar (72)

and )
@t =0, (73)
# 7. T. Wells, A. B. Tucker, and W. E. Meyerhof (to be
published).

3% A. B. Tucker, J. T. Wells, and W. E. Meyerhof (to be
published).

E. MEYERHOF

Although we have just shown that the assumption
8,=8,+A%, and Eq. (71) are compatible with the pre-
vious treatment, we have not yet shown that (Ad,)ay=0
is also compatible. This argument is more involved and
depends in essence on the unitarity of W. We only
sketch the proof. Averaging both sides of Eq. (38¢c) we
obtain with the help of Eq. (60) and substitution (66)

1— M)+ 2iP,Z = [cos2(8:— @s)+1 sin2(8,— ¢.,) ]
X ((c082A8,)av—+1(SIN2A8,)av).

Equivalently to (Ad,).v=0 we set

(sin2A8,)av=0 (74)
and obtain with the help of Eq. (73)
tan2{=2P, ReZ,,/[1—¥(r;)—2P, ImZ,,]. (75)

We shall prove that this equation follows also from
the unitarity of W, and hence that Eq. (74) is indeed
compatible with the treatment in the first part of this
section.

To shorten the notation we introduce the channel
quantity F.. for Egs. (59)

Fcc’ = Z)\ ’YXcO'YXc’O(M—I)XX+ch’~ (76)

Unitarity of W to first order in L,® or P;+ can then be
shown to require

(142iP.F,)F o *=F,, (77a)
ImF,,=P,|F,,|?, (77b)
ImF,,=P,|F..|?, (77¢)
ReF,=0. (77d)

Averaging both sides of Eq. (77a) subject to the condi-
tion {(yasya:)=0 one finds

1+2in[(’i7r<(7)‘30)2>/D)+Z“]Z“*=Zab (78&)

which is just Eq. (75), recalling Eq. (63). Unitarity of
W therefore completes the proof of the complete equiva-
lence of the first part of this section with the assump-
tions (66).

For completeness we give the results of energy aver-
aging the remaining Eqgs. (77):
ImZ,,=[P./(1—3(r:))]

XL Zsa| 24 (/D)X (12s%)* (v,1s")2@)],  (78b)
where @ is the correlation function ®[(T'\+T,)/2D]
introduced by Moldauer,3?

ImZ”=PsIZ“‘ 2,
ReZu=0.

(78¢)

(78d)

VI. THRESHOLD EFFECT IN THE ONE-LEVEL
APPROXIMATION

Under the assumption that a single level is effective
in determining the main features of the elastic and total
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cross sections, we can use the general expressions (43c
or d) and (45b or c) for the threshold effects. All that is
required in addition to these expressions is the de-
pendence of 8, on E,. The reduced R matrix is con-
veniently used, because Eq. (28) then leads to the
desired energy dependence of §,. From Eq. (15b) we
obtain in the one-level approximation!

ERGI = (’Y)\ao) 2/ (EX— Ea)+mu0;

where R, is a slowly varying function of E,. It is

worthy of note that no particular assumption is made

about the form of any of the other matrix elements of {R°.
After a little algebra we obtain from Eq. (28)

P’('y)\l,)2+ (EX—EI)PnERuO
E)\— Ea—S.O(’Yx.')z

tan(d,— @,) =

, (19)

where
(‘Y)\u’)z = (7)\'0)2/( 1 _S‘OERMO)_

Usually it is possible to set S,°=0 or at least to make it
very small by appropriate choice of B, [see Egs. (7),
(11a), and (12a)].

(80)

VII. CONCLUSIONS

In this paper we have examined in some detail effects
produced in elastic and total cross sections in the
neighborhood of a reaction threshold Ein,. R-matrix
theory allows a precise examination of this problem, as
first shown by Wigner.? If the phase shift §, of that
entering partial wave s which gives rise to the reaction
is properly defined [see Eq. (28)] there is no need to
assume®7 that in the expressions for the collision matrix
element U,, near E., 6, has to be constant or slowly
varying. There may be arbitrarily many, possibly over-
lapping, resonances near E.. without affecting the
validity of the general expressions summarized in Sec. V.,

We have shown that the random sign approximation
of the v, leads to the threshold effects derived in I
under optical-model assumptions; the equivalent as-
sumption for U,y is U,e= UsstAU s, (AU 14)av=0, where
U,, is slowly varying with E,. If there is a breakdown in
the random sign approximation, a cusp appears in the
total cross section, whose presence in principle would
signal this breakdown, but in practise might be swamped
by the ‘“natural” fluctuations®® of cross sections. This
partial breakdown of the random sign assumption is
shown to be equivalent to the assumption 8,= &,+ Aé.,
(Ab,)ay =0, where §, is slowly varying with the incident
energy.

Lastly, we have given a precise formulation of the
threshold effect in a one-level situation.
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APPENDIX

A. Equivalence of Channel Matrix and Level
Matrix Formulation of Threshold Effects

We wish to prove the term by term equivalence of
Egs. (36) and (21a) and Egs. (37) and (22). We rely
heavily on reference 26. Starting with

Wo0=1+4+2iP.R../(1— L °R..), (A1)

we have to obtain (1—L,"R,,) by inversion of the
matrix?6

(I=LR)'=1+3 . vuX (Lo%,) .0, (A2)

where the matrix % is given by Eq. (35). In accordance
with Eq. (15b) all ¥ should carry the superscript zero,
but for easier typography we omit this superscript
throughout the appendix. Since by definition W,,° does
not contain any terms proportional to L,°, such terms
occurring in the inversion of Eq. (A2) have to be
omitted, yielding

1/(1— L.(’?Rn) =1+L,° ZMV 'Yut'Yu(M_l)uw (A3)

W t=1+42iP,[3 2 2e¥/ (Ex—E,)]
X [1+L‘0 Zuv 'Ypa'Yva(M_l)uvj
=142iP.[ 3\ vr¥/(Ex—E,)
F L 2 onw a2 usYes( M)/ (Ex—Es)]. (A4)

For the sum over v we use Eq. (1.10)% of reference 26
under the consistent neglect of terms proportional to L,°:

Lso Zv 'Y)\a'th(M‘-l)nv= (E)\—Es) (M——l))\#—— 6)\#' (AS)

This equation can be obtained also from Eq. (33a).
Substitution of Eq. (AS) in Eq. (A4) gives the desired
result [see Eq. (38b)]

Wed=142iP, Tau ae¥ue(M .. (A6)

For the most convenient formulation AW,, we use
Eq. (39a)

AWu:ZiLtoPs%ctz/(l_LcOERss)z-
With substitution of Eq. (A3)
AW = ZiLtOPa[ZX 'YM'YM/(E)\_E!)]
X22x vverne/(Ex—E,)]

X [1+L‘0 Zuv 7}"7"(M_1)‘"’]
X [1+L60 Zp’v’ 'YM'S'YV'I(M_I)I"V']‘ (A7)

Combining the first and third bracket and the second
and fourth bracket as in Eq. (A4) we obtain with the

3 In this equation one should replace ), by 8),.
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help of Eq. (AS)

AW o5/ (2L Py)
= MY M v ey oM
= Z 7#37#'s(M_l))\u'YM'Y)\’t(M—l))\’n’

AN’ u!

=Zw’ YusYu's ZM’(M_l)p)\'Y)\l'YX'i(M_l))\’#’

= Zuu’ 7#37M'8(M_1GM—1)“M" (A8)

The third step makes use of the symmetric nature of
M-1. The last line of Eq. (A8) is the third term of
Eq. (36) since u and y’ are arbitrary level indices.

The proof of equivalence of Egs. (22) and (37) follows
similar steps.

| Wi 2/ (4P P)=Re?/ | 1— LR, 2
=[x em/ (Ex—E,)]
XL 2 Yusvs(M1) 712
=2 Merus(M )2

with the help of Eq. (A5). Since M™! is symmetric, the
proof is completed.

(A9)

B. Convergence of the Expansion of M—!

We shall use the form (33a) for M), and just as in
Appendix A leave off the superscript zero on the va..
The proof which follows is easily shown to be equally
valid for the form (33b). Following a method suggested
by Thomas® we expand (M~1),, about the diagonal
element (M™1)\ in terms of the off diagonal elements
of M. In matrix notation

M—l = m—l+ m—lgm—1+m—lgm—lgm—l

+mTigm'gm~'gm'+- - -, (B1)

where m is a diagonal matrix with elements

M= Ex—Es—LaOV)\szE (9N (BZ)
and g is a pure off-diagonal matrix with elements
g)\u= L.?O'Y)\s‘)’um (BS)

MEYERHOF

Writing out Eq. (B1)
(M_‘)M= 5)\:‘/5A+[L007M'Ync/(f)\fu)]
X{14+L,° Z 'ch2/5v+(L80)2( 2 vwYe)

vEN vEN L

xX( X

v HEN B,

71”32//51") e +}- (B4)

To estimate the convergence of the series in curly
brackets we consider the average value of each sum.
We recall the well-known fact,®3? following from
Eq. (58), that

<z>\ 7X82/5X>av='i’r<’7ks2)/D; (BSa)

where D is the average level distance between the reso-
nances . Now in the sum Y_,xy,, the effective energy
level spacing is larger than in the sum ). because
certain resonances are omitted from the sum. In the
sum 2,z 4, Still more resonances are omitted so that

we can write, noting that \, u, », ¥/, are just running

indices,
< Z 7u2/fv>av=i7r<7)\az>/D15 (BSb)
vFEN B
< Z 'Yv’.sz/ev’>av=1:7r<"/)\32>/D2, etc. (BSC)
vIFEN u, Y

where D <D;<D,---. The series of terms in the curly
brackets of Eq. (B4) can therefore be estimated to be
equal to (setting S,°=0)

{1—m(T.)/(2D1)+[x(T\)/(2D1) I[w(Ts)/(2D2) ]— - - -},

where we have represented the average partial level
width Ty, by (T's)=2P(y»s%). The absolute ratio of the
(n+1)st term to the (#)th term will be equal to
w(T,)/(2D,), a quantity which must become less than
unity for sufficiently large #, when sufficiently many
resonances have been omitted from the level sums oc-
curring in the curly bracket of Eq. (B4). This proves
that the series occurring in Eq. (B4) and hence in Eq.
(B1) is convergent independent of the width to spacing
ratio (I',)/D in channel s.

It is also obvious from the form of Eq. (B4) that
every term in the (convergent) series expansion of the
product (M=) (M) wx will be proportional to (e)—2
and hence contain the double pole which was necessary
to show that the right side of Eq. (56) is equal to zero.



